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MatchingTheory Max weightbipartitematching
Snippets BondyMarty55.5 Schriver 3.5

Given G NY E bipartite

andedgeweights w E Rzo
want to find a matching MCE

that maximizes total weight w M Igwe

It will notalways have max size Mtv G

EXAMPLE
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Ffg
has w 2 4 3 9 with 3edges
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If beating all of the matchings ofsize 4
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weight 4 5 7 5 7



DEFINITION Call a matching MCE extreme if

ithas max weight w M among allmatchings in G

ofthe same size

EXAMPLE

isextremewith IM 3edges

o o m
notextreme gtreme

É
mG W

o o i
weight 4 5 5 7 7

Kuhn 1955 gavea generalizationofthe Hungarian
algorithm to find one extremematching Miof
each size Miki for it 0 1,2 u m

Direct G via Mi toobtaindigraphDiasbefore
x y not in Mi

Nowput lengths on the avis ofD x g not
inM

x 9

yet in M



Searchfordirectedpaths P in D from

any unmatched
x in X to any unmatchedy

in Y

but of minimum total lengthamongallsuchpaths

If none exist IMi Fv
M so stop

EXAMPLE
M unmatchedvertices

circled
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or

G W MoO M MyMa

weight O 4 7 9

max weightmatthing is My



Whydoes it work as claimed

PROPOSITION If Mi was extreme then so is Mitt

proof For i o Mo of is extreme

Inductively let ME be any extremematching

with itsedges Want to show that

W Miti 2 W Miti

Weaugmented Mi along a pathPi
to obtainMitt

Note w Mix a Mi LIPi
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Weknow that Miu Mit
contains a

connectedcomponentwhich
is an

Mi augmenting
pathPi use to create

an Mi matching
with iedges such that

Mi augmentedalong
Pi givesMili

Note again w Mii n Mi LCP

Byconstruction
in Kuhn'salgorithm

e Pi e Pi



Hence

WME wIMil L1Pi

E W Mi l Pi extreme

Éw Mi lf
among

matching

with i edges

Mix ix

Remaining issue

Can one quickly find
directed paths P

of minimum length
in the digraph Di

when there are negativeedgelengthspresent

If there are no such
directed

cycles C with total
1 length l c so

Aproblem
ay le

Cwith then F an obvious

llc o algorithm Bellman
Ford

Schujrer 81.3

tofind min length directed
paths from at y



LERMA For the digraphs Di based on Mi

in Kuhn's algorithm there are no

cycles C with llc
c o

proof if we had such a cycle C

itwould like this

X Y
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É niteme M

WIM w Mi llc

w Mi
Contradiction DX


